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ABSTRACT: Phase separation in polymer solutions is highly asymmetric: an inhomogeneous dilute phase 
of isolated coils is in equilibrium with a homogeneous concentrated solution. Many deviations from the 
simple Flory-Huggins predictions, found experimentally, can be traced back to this fact. Here, a 
previously introduced improved description obtained by an explicit coupling of configurational statistics 
to thermodynamics is extended to polydisperse polymer solutions. It is shown to predict a chain length 
dependence of the distribution of polymer molecules over the two phases that differs from the original 
F-H predictions but agrees well with experimental results. 

1. Introduction 
The common discussion about liquid-liquid phase 

separation in polydisperse polymer solutions is based 
on the classical Flory-Huggins expression for the free 
energy of mixing. Within the quasibinary approach, 
this expression takes the form 

where N, and & are the number and volume fraction of 
solvent molecules, N, and q5n are the number and 
volume fraction of polymer molecules with chain length 
n,  C#J is the volume fraction of all polymer molecules 
together, and g is a dimensionless interaction function, 
which will in general depend on temperature and 
concentration but not on chain length.lP3 In its most 
simple form, g will even be independent of concentra- 
tion; however, already the introduction of contact sur- 
faces per core volume as the interaction determining 
entity will make g concentration d e ~ e n d e n t . ~  The most 
obvious deficiency of eq 1 in relation to polymer solu- 
tions is the implicit assumption of a homogeneous 
segment distribution. In reality, a phase-separated 
system consists of a diluted phase in equilibrium with 
a concentrated phase. The diluted phase is character- 
ized by the presence of isolated polymer coils in a sea 
of solvent for which the assumption of a homogeneous 
segment distribution is clearly violated. As a conse- 
quence, various predictions based on this free energy 
function turn out to  be wrong. 

In this paper we will concentrate on one particular 
aspect of phase separation in polydisperse solutions: the 
distribution of polymers of a given chain length over the 
two phases. This property is of major interest for the 
process of fractionation5 and consequently attracted 
considerable interest in the past.6-s According to the 
simple Flory-Huggins approach, the distribution of 
component n with chain length n over the two phases, 
the distribution coefficient, satisfies 
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@,”/A’ = exp(-on) (2) 

where &’’ and &’ represent the volume fraction of the 
polymer component with chain length n in the diluted 
and concentrated phases of volumes V” and V, respec- 
tively. u is a complicated constant, which is, however, 
independent of the specific polymer component (i.e. 
chain length) considered. In practice, this equation is 
often written in the following way, introduced by 
Breitenbach and WolF 

ln(wn”Iwn’) = In r - on (3) 

where r is the phase volume ratio VIV and wn denotes 
the mass of polymer species n. Hence, this approach 
predicts a linear chain length dependence of the loga- 
rithm of the distribution coefficient. Experimentally, 
this is clearly not found. Extensive research by Kon- 
ingsveld and c o - w o r k e r ~ ~ ~ ~  on polystyrene with a broad 
molecular weight distribution in cyclohexane confirmed 
older experimental data, indicating a much weaker 
chain length dependence. 

The most apparent deficiency of the Flory-Huggins 
expression for dilute solutions is the Van Laar type 
exchange interaction contribution, which presupposes 
a homogeneous segment distribution. In order to have 
a description that covers the entire concentration regime 
from dilute to concentrated, Stockmayer and co-work- 
ers7 proposed a “bridging” expression for the interaction 
parameter g 

(4) 

where P is defined as the probability that a small 
volume element in the solution contains no polymer 
segments. As a first approximation, an expression for 
P is derived using the unperturbed random walk size 
of the coils. This leads to 

g = g d i l p  + g c o n c ( 1  - P )  

P = exp(/Z,C$,&) = exp(-/Z,4) ( 5 )  
n 

where 10 and 1, are constants, the latter being inversely 
proportional to the critical overlap concentration under 
8 conditions. Next, eq 4 is simplified to 
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with 

(7) 

Then an expression for g* is derived on the basis of 
dilute solution theory.1° It amounts to equating the 
vinal expansion for the chemical potential (or osmotic 
pressure) obtained within the dilute solution theory to 
the corresponding expression obtained using eqs 1 and 
6. Ultimately, this leads to 

where h(zn,) denotes the excluded volume function 
representing the effect of the molecular weight distribu- 
tion on the second vinal coefficient. Various expressions 
for h(znm) are available. Stockmayer and co-workerss 
used the following semi-empirical function introduced 
by Stockmayerll 

1 

(1 + 2.8652) h(z) = (9) 

For polydisperse solutions Znm is given by the Flory- 
Krigbaum12 expression 

Furthermore, x1 is defined by 

Since for various polymerholvent systems semi-empiri- 
cal expressions for gconc are available, these equations 
provide a complete description of the thermodynamics 
of polydisperse polymer solutions. As far as the distri- 
bution coefficient is concerned, the final result can be 
cast in the form 

312 - = l n r - D - A n - B n  C,n (12) 

where A, B, C, and D represent complicated functions 
of which only C depends on n. Using this procedure, 
the authorss observed that although improved agree- 
ment with the experimentally determined phase bound- 
ary and distribution coefficient is obtained, much more 
remains to be done. 

In the above description the derivation of eq 5 for P 
is based on the assumption that the polymer coils have 
their unperturbed Gaussian size. It is well-known that 
in reality the polymer coils are somewhat collapsed in 
the diluted phase compared to  the concentrated phase. 
In a later stage13 the above given description has been 
extended to include explicitly the concentration depen- 
dence of the polymer coil size. Still, it turned out to be 
impossible to  describe all thermodynamic findings for 
a given polymerholvent pair with a single free energy 
expression. For instance, the influence of the molecular 
weight distribution on the spinodals could be described 

with one set of parameter values, which, however, failed 
to describe the distribution coefficient and vice versa. 

In this paper we will introduce a new approach to this 
old problem, based on a model formulated some years 
ago by one of us.14 In the present paper our objective 
is to demonstrate that the explicit coupling of the 
configurational statistics to the thermodynamics, char- 
acteristic of this approach, leads to a distribution 
coefficient that depends on the chain length in a way 
observed experimentally. 

2. Theoretical Approach 
The theoretical approach that we apply in this study 

is based on looking a t  a single chain with all its 
intramolecular interactions exactly taken into account 
and the intermolecular interactions taken in a mean- 
field approximation. This approach, originally devel- 
oped to treat surfactant molecules in amphiphilic ag- 
g r e g a t e ~ ~ ~  and later generalized to bulk14 and in- 
homogeneous polymeric systems,16 has been shown to 
provide excellent quantitative predictions for conforma- 
tional and thermodynamic properties. Furthermore, it 
is the first theoretical approach that predicted the 
variation of the critical volume fraction with molecular 
weight found experimentally for polymer solutions. 

One of the main advantages of the theory is that it 
treats explicitly the coupling between the conforma- 
tional d e p e s  of freedom of the chains with the ther- 
modynamic behavior. Thus, the two types of properties 
can be studied within the same theoretical framework. 
This will be shown to be very important in the under- 
standing of the polydisperse solutions on which we 
concentrate our attention in this work. 

The central quantity of the theory is the probability 
distribution function (pdf) of chain conformations, Pn(a,J, 
where the subscript n denotes the chain length of the 
molecules and an is the conformation of the chain. From 
the knowledge of the pdf we can calculate any desired 
average conformational and thermodynamic property. 
In ref 14 it was shown how one can derive the theory 
by explicitly looking at  the many chain partition func- 
tion of the system. Here we present a simpler, alterna- 
tive, derivation that leads to identical results. The idea 
is to write the Helmholtz free energy of the system in 
terms of the pdf and from its minimization to find the 
functional form of the pdf to be used in the calculations. 

Consider a mixture of polymer molecules composed 
by the same monomers with N,  polymer molecules of 
chain length n in a lattice with total number of sites 
M .  We assume that all the lattice sites are occupied by 
polymer chains or solvent molecules, i.e. M = &njnNn + N,, where { n }  denotes the set of different chain 
lengths and N,  is the number of solvent molecules. The 
volume fraction of species n is given by nNJM, and due 
to the lattice filling condition the solvent volume fraction 
is given by I#J~ = 1 - 

The Helmholz free energy of the system can be 
written as 

pF= 

where the first term is the translational entropy of the 
chain molecules, the second term is the conformational 
entropy of the polymers, and the third term represents 
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the interactions between the polymer molecule of size 
n and the solvent molecules. The fourth term in the 
free energy expression is the translational entropy of 
the solvent molecules. 

In the systems treated here there are only two types 
of species, i.e. solvent and monomers of polymer; then 
in a filled lattice there is only one relevant interaction 
parameter, which in our case is x = [eps - 1/2(cPp + cSs)l/ 
kBT with denoting the interaction between monomer 
of type i and that of type j ,  T the absolute temperature, 
and k g  the Boltzmann constant. Therefore, the interac- 
tion of a polymer chain of length n in configuration an 
is given by the number of possible contacts of the chain 
in that conformation with solvent molecules, nn(an), 
multiplied by the probability of finding a solvent mol- 
ecule a t  the neighboring site of the chain. This prob- 
ability, within a mean-field approximation, is given by 
the volume fraction of solvent molecules, & The third 
term in the right-hand side (rhs) of eq 13 is the average 
of this quantity over all the possible conformations of 
the chains summed for all the possible chain lengths. 

Minimizing the free energy, eq 13, with respect to the 
pdf, one obtains 
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The condition of thermodynamic equilibrium between 
two phases is given by the equality of chemical potential 
for each species in the two phases. Let, as before, ’ and 
” denote the two phases a t  coexistence for a given 
temperature. Then the phase equilibrium between the 
two phases will be given by 

iun’ = iun ” for all n 

where qn is the single chain partition function that 
ensures the normalization of the pdf for each molecular 
weight. This expression for the pdf shows the coupling 
between the chain conformations and the thermody- 
namic state of the system through the Boltzmann 
exponent. I t  can be seen that different conditions of 
temperature and composition change the probability of 
the different configurations. As will be shown in the 
next section, this has important effects on the average 
conformational properties of the chains as well as on 
the partition coefficients between different phases. 

Now that we have an explicit expression for the pdf, 
eq 14, it is convenient to introduce it into the free energy 
expression, eq 13, to obtain 

where for notational simplicity the summation over {n}  
has been replaced by a summation over n. I t  is 
important to recognize that the single chain partition 
function for each chain length, qn, is a function of the 
composition and temperature of the system. Note also 
that if we consider the energy per chain to be indepen- 
dent of the chain conformation, eq 15 transforms into 
the well-known Flory-Huggins expression (1) for a 
polydisperse polymer solution. 

We are interested in determining the phase diagram 
and the distribution coefficients between the equilibri- 
um phases. Then, we need to evaluate the chemical 
potentials of the chains. This is readily obtained by 
taking the derivative of the free energy, eq 15, with 
respect to the number of molecules of chain of length n, 
to obtain 

and for the solvent chemical potential 

where for both equations we have used the fact that & 
= 1 - E&* 

ius’ = ius” (18) 
which can be readily calculated using the explicit forms, 
i.e. eqs 16 and 17. From eq 16 we have that the 
distribution coefficient will be given by 

In - = -In - + (1 - nM,’ - 4:) - 
A‘’ qn(4n’) 

4n’ qn($n”) 

n’ 

From this expression we can see that if there is a 
nonlinear dependence of the distribution coefficient on 
n it must arise from the first term in the rhs of eq 19. 
Therefore, it arises from the explicit consideration of the 
distribution of chain conformations and their depen- 
dency on the thermodynamic state of the system. As 
will be shown in the Results, this is clearly the case. 

Once we know the coexistence curve we can calculate 
any desired average conformational property of the 
chain molecules at the points of phase equilibrium. In 
particular we will show the average radii of gyration 
for a given coexistence state, to see how the different 
environments and the polydispersity affects the average 
size of the polymer molecules. This quantity is calcu- 
lated from 

n 

(Rp2>n = cp(an )C[ r , ( an )  - rcm(an)~2 (20) 

where ri(an) is the coordinate of segment i in a chain of 
n segments in conformation a,, and r,, denotes the 
location of the center of mass of the chain in configu- 
ration a,. 

3. Results and Discussion 
Phase separation in polymer solutions is character- 

ized by equilibrium between two essentially different 
phases, a dilute and a concentrated phase. For the 
polymer conformations this has important consequences. 
In the dilute phase the chains are isolated and some- 
what collapsed, whereas in the concentrated phase the 
polymer segments are distributed homogeneously and 
the individual chains have their unperturbed size. A 
slightly collapsed state of isolated coils obviously implies 
many more polymer segment-segment interactions 
than the mean-field estimation of the simple Flory- 
Huggins theory. To what extent the explicit coupling 
between configurational degrees of freedom and ther- 
modynamics, introduced in the previous section, can 
explain the most striking differences between the 
experimentally observed and theoretically predicted 
phase behavior of polymer solutions remains to be seen. 
We already know that it predicts a chain length 
dependence of the critical concentration in monodisperse 
polymer solution which differs essentially from the 
Flory-Huggins prediction but agrees well with experi- 
mental observations. The chain length dependence of 
the distribution coefficient in polydisperse polymer 

an i= l  
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Table 1. Initial Distributions 
n 10 20 30 40 

@J= 0.25 100Qn = 0.5 1.5 2.5 3.5 
@J=O.125 loo@,= 0.25 0.75 1.25 1.625 

r“\ \ - i  
0.01 I- / / \ \A 

Figure 
= 0.125 

n 
1. Initial distribution for q5 = 0.25 (squares) and 

’ (circles). 
for d 

solutions is another property which shows a strikingly 
different behavior. 

To discuss polydisperse polymer solutions, assump- 
tions about the initial chain length distribution are 
required. Since our objective here is merely to show 
that the theory can predict the curvature of the distri- 
bution coefficient, we chose quite arbitrarily as a start- 
ing point two polymer solutions with a volume fraction 
of polymer + = 0.25 and + = 0.125 and with chain length 
distributions as given in Figure 1. Table 1 presents this 
distribution in terms of chain lengths and volume 
fractions. The corresponding moments are given by n, 
= 44.3, n, = 55.0, and n, = 62.7. 

Before we turn to the distribution coefficient, the 
phase diagfam will be considered first. The coexistence 
curve is found by determining the two phases for which 
the chemical potentials for each chain length, eq 16, and 
the solvent, eq 17, are the same in the two phases. As 
these equations show, this requires the generation of 
representative samples of self-avoiding conformations 
for the chain lengths involved, which, using the Rosen- 
bluth and Rosenbluth method, is standard practice by 
now.14J7 In all cases lo6 conformations per chain length 
were generated. If the number of different chain 
lengths present equals k, the number of equations 
involving the 2k different polymer concentrations and 
the 2 different solvent concentrations is k + 1. However, 
fixing the initial overall polymer concentration and the 
initial chain length distribution reduces the number of 
unknowns to k + 1 as well. This follows from 

and 

f#l”n = (1 + 1 - X n )  (22) 

where xn refers to the fraction of molecules with chain 
length n of all molecules with chain length n in the 
concentrated phase. These equations demonstrate that 
the k + 1 unknowns are r and {x,, n = 1 ,..., k}. 

50 60 70 80 90 100 
4.5 4.5 3.5 2.5 1.5 0.5 
2.25 2.25 1.625 1.25 0.75 0.25 

Y 

2.4 

L I  \ 

2.3 1 
2.2 

0.0 0.1 0.2 0.3 0.4 0.5 
@ 

Figure 2. Coexistence curves for a polydisperse polymer 
solution with the chain length distribution given in Table 1. 
The full line is the result for overall polymer concentration C#J 
= 0.125, while the dashed line is for overall polymer concen- 
tration q5 = 0.25. 

Alternatively 

(23) 
demonstrates the same property. 

Since for polydisperse polymer solutions, the coexist- 
ing phases depend on the overall polymer concentration, 
a coexistence curve can only be calculated for a fixed 
initial concentration. In the situations considered here + was chosen to be + = 0.25 and + = 0.125. The former 
value is higher than the critical concentration for the 
given chain length distribution while the latter is lower. 
The value of the critical volume can be estimated from 
the Flory-Huggins e x p r e s ~ i o n ~ ~ J ~  

1 
(#)c = - 112 1 + nwnz 

(24) 

Inserting the values of n, and n, given before leads to 
& = 0.126. The predictions of the theory presented here 
give $c = 0.14 which is 10% higher than predicted from 
the simpler Flory-Huggins approach. As a conse- 
quence, the concentrated right branch of the coexistence 
curve ends a t  +’ = 0.25 and the diluted branch a t  the 
concentration 4’’ calculated to be in equilibrium with 
this value. On the other hand for the total volume 
fraction + = 0.125 the dilute branch ends at  4‘’ = 0.125 
while the concentrated branch enters at  the correspond- 
ing calculated value +’. The next figure (Figure 2) shows 
the phase diagram in a (4 ,P)  plane, where P = 1/2x 
and x is the Flory-Huggins parameter defined before. 
Note that even though the two distributions have the 
same moments, the different overall concentrations of 
polymer manifest themselves in the phase diagram. 

The corresponding phase volume ratio r = V”W is 
presented in Figure 3 as a function of P, demonstrating 
the expected approach to 0 for increasing values of P 
for I$ = 0.25. For the case of overall concentration + = 
0.125 the volume ratio is always larger than 1 and 
increases very sharply for the cases in which the dilute 
branch approaches the total overall concentration, since 
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T* 
Figure 3. Phase volume ratio r = V(qWV(q5') as a function of 
F. The full line is the result for overall polymer concentration 
4 = 0.125, while the dashed line is for overall polymer 
concentration 4 = 0.25. 
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Figure 4. Distribution coefficient for T* = 2.2676. 

in this case the phase-separated solution will have a 
dilute phase of a much larger volume than that of the 
concentrated phase. The nonmonotonic behavior of the 
volume ratio is due to the different curvature of the 
concentrated and dilute branches as they approach the 
critical point. 

Having calculated the coexisting phases as a function 
of P, all information to calculate the fractionation 
characteristics is available. The following results are 
for overall concentration q5 = 0.25; the results for the 
other concentration shown in Figures 2 and 3 are 
qualitatively very similar and thus, not shown. 

The following figure (Figure 4) shows our main result, 
the distribution coefficient as a function of chain length 
n for a value T* = 2.2676, considerably below the onset 
value for phase separation. Clearly, the deviation from 
a linear dependence found experimentally is also present 
in our model, even though the initial distribution chosen 
is quite narrow compared to most experimental ex- 
amples. Hence, the difference in average conformation 
of polymer molecules in the dilute and concentrated 
phases, which is the essential new ingredient of our 
approach, must be responsible for this behavior. Figure 
5 demonstrates this difference. 

n-J-----J " 
0 20 40 60 80 100 

n 
Figure 6. Average radius of gyration as a function of n in 
the concentrated (0) and diluted (0) phases. 

L 

0.003 1 
B 0.002 11 \ 

t 
0.001 1 

0.000 
0 20 40 60 80 100 

n 
Figure 6. Chain length distribution in the diluted phase; T* 
= 2.2676. 

As is obvious from this figure, the coil size satisfies 
the random walk statistics in the concentrated phase, 
i.e. (R:) - n,  whereas the coils start to  collapse in the 
diluted phase, in complete agreement with current 
theories.20 Note that the different behaviors observed 
in the two phases are a result of the coupling between 
the thermodynamic state and the conformational prop- 
erties of the chains. All the results shown in Figure 5 
are obtained with the same sets of conformations, but 
with the appropriate weight which is a function of 
temperature and composition, as discussed following eq 
14. 

Finally, the last two figures (Figures 6 and 7) show 
the chain length distribution in the diluted and concen- 
trated phases, demonstrating fractionation in a more 
pictorial way. 

4. Concluding Remarks 
The specifics of phase behavior in polymer solutions 

is often quite different from the simple Flory-Huggins 
predictions. Attempts to improve this situation were 
so far mainly based on a semi-empirical bridging ap- 
proach combined with a more complicated concentration 
and temperature dependence of the x parameter. Our 
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Figure 7. Chain length distribution in the concentrated 
phase; rC = 2.2676. 

approach addresses the most obvious inadequacy of a 
simple mean-field description: the inhomogeneity of the 
diluted phase. Thermodynamics is explicitly coupled to 
configurational statistics, and apart from a true interac- 
tion parameter, no additional parameters are involved. 
Previously, it was demonstrated that this approach 
predicts a chain length dependence of the critical 
concentration in monodisperse polymer solutions & - 
141 + differing from the F-H predictions but in 
good agreement with experimental observations. In the 
present paper we demonstrate that it also accounts for 
the observed chain length dependence of the distribution 
coefficient in polydisperse solutions. From the work of 
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Koningsveld and co-workers it is well-known how 
complicated phase behavior in polydisperse polymer 
solutions can be. It remains a challenge to  see how far 
we can get with the present single parameter approach. 
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